Introduction
The Rings with ascending chain condition (ACC) on annihilators has been studied by several authors. For non commutative semiprime rings A.W. Chatters and C. R. Hjarnavis in [6] showed that if R is semiprime ring such that R satisfies ACC on annihilator ideals, then R has finitely many minimal prime ideals.
K.R. Goodearl and R. B. Warfield in [8] showed that if R is a semiprime right Goldie ring, then R has finitely many minimal prime ideals.
In this paper we work in a more general situation, using the concept of prime and semiprime submodules defined in [11] , [13] In order to do this, we organized the article in three sections. Section 1,
we give some results about prime and semiprime modules and we define the concept right annihilator for a submodule N of M. In particular we prove in then M has finitely many minimal prime submodules in M. Moreover if P 1 , P 2 , ..., P n are the minimal prime in M submodules, then P 1 ∩ P 2 ∩... ∩P n = 0.
In Theorem 2.7, we show that there is a bijective correspondence between sets E χ(M ) (M) and Spec M in (M). Moreover in Corollary 2.13 we obtain an application for semiprime rings. We prove that if R is a semiprime ring such R satisfies 2 ⊕ ... ⊕ E kn n and Ass M (E i ) = {P i }. As other application of these results we give the Theorem 2.27, where we prove that if R is a semiprime ring, such that R satisfies ACC on left annihilators and for each non zero left ideal I ⊆ R, I contains a uniform left ideal, then the following conditions are equivalents: i) R is left Goldie ring, ii) P i has finite uniform dimension for each 1 ≤ i ≤ n. In the Section 3 we use the concept of continuous module and we show in the Theorem 3.6 that if M is continuous, retractable, non M-singular module and M satisfies ACC on annihilators, then M is a semiprime Goldie module. Finally as one more application we obtain the Corollary 3.7, where we show that, if R is a continuous, non singular ring and R satisfies ACC on left annihilators, then R is semiprime left Goldie ring.
In what follows, R will denote an associative ring with unity and R-Mod will denote the category of unitary left R-modules. Let M and X be R-modules. X is said to be M-generated if there exists an R-epimorphism from a direct sum of copies of M onto X. The category σ [M] is defined as the full subcategory of R-Mod containing all R-modules X which are isomorphic to a submodule of an M-generated module.
Let M-tors be the frame of all hereditary torsion theories on σ [M]. For a family {M α } of left R-modules in σ [M], let χ ({M α }) be the greatest element of M-tors for which all the M α are torsion free, and let ξ ({M α }) denote the least element of M-tors for which all the M α are torsion. χ ({M α }) is called the torsion theory cogenerated by the family {M α }, and ξ ({M α }) is the torsion theory generated by the family {M α }. In particular, the greatest element of Mtors is denoted by χ and the least element of M-tors is denoted by ξ. If τ is an element of M-tors, gen (τ ) denotes the interval [τ, χ] .
Let τ ∈ M-tors. By T τ , F τ , t τ we denote the torsion class, the torsion free class and the torsion functor associated to τ , respectively. For
is closed by taking submodules, factor modules and direct sums. Therefore, any
If N is a fully invarint submodule of M, we write
Injective modules and injective hulls exist in
, where E (X) denotes the injective hull of X in R-Mod.
where
Also in [1, Definition 1.5] a product is defined in the following way. Let N be a submodule of M. For each module X ∈ R-Mod, N · X = Ann X (C), where C is the class of modules W , such that f (N) = 0 for all f ∈ Hom R (M, W ).
For M ∈ R-Mod and K, L submodules of M, in [2] is defined the product
that if M ∈ R-Mod and C be a class of left R-modules, then
Moreover Beachy showed in [1, Proposition 5.5] that, if M is projective in
and N is a any submodule of M, then N · X = N M X, for any R-module
Let M ∈ R-Mod and N = M a fully invariant submodule of M, N is prime
We say that M is a prime module if 0 is prime in M see [11, Definition 13 and Definition 16] . 
For details about concepts and terminology concerning torsion theories in [16 ] and [17] .
Preliminaries
The following definition was given in [4, Definition 3.2] we include it for the convenience of the reader.
We say M is semiprime if 0 is semiprime in M. 
then the following conditions are equivalent
Similarly to the proof of Proposition 1.3, we can prove that a fully invariant submodule P of M is prime in M if and only if for any submodules K and L of M containing P ,
The following definition was given in [4, Definition 3.2], and we include it here for the convenience of the reader. Proof. In case n = 1, there is nothing to prove. Now let n > 1 and assume the Lemma holds for lower powers. Since n ≥ 2, then 2n − 2 ≥ n. Hence
Thus by Remark 1.2 we have that J n−1 ⊆ N. So by the induction hypothesis we have that J ⊆ N. 
As M is semiprime and by
Newly as M is semiprime, then N ∩ L = 0. 
Now by Lemma 1.7 we have that M and P is τ -pure submodule of M, then there exists
τ -pure and minimal prime in M.
Proof.Let X = {Q ∈ M | Q ⊆ P and Q is τ -pure and prime in M }. Since P ∈ X , then X = ∅. We claim that any chain Y ⊆ X , has a lower bound in X .
In fact, let
Therefore by Zorn's Lemma X has minimal elements.
then Ann M (U) is τ -pure and prime in M.
Proof. By Proposition 1.9 we have that Ann M (U) M. Now we claim
But by Remark 1.8 we have that
On the other hand we know that
Remark 1.12. Let M be as in the Proposition 1.11 and
and semiprime mod-
Proof. By Proposition 1.10, there exists P ′ a minimal prime in M such that
possible. So the only possibility is P = Ann M (N) ⊆ P ′ . Therefore P = P ′ and we have the result.
Note that if M is as in the Lemma 1.13 and U is a uniform submodule of M, then by Proposition 1.11 we have that P = Ann M (U) is a prime in M submodule. Now by Lemma 1.13 we obtain that P = Ann M (U) is minimal prime in M. Moreover by proof of the Proposition 1.11 we have that P =
Notice that if N is an annihilator submodule, then N is a fully invariant submodule of M. 
Modules with ACC on annihilators and Goldie Modules
The following definition was given in [4, Definition 3.1]. We include here this definition for the convenience of the reader.
Let
Now we consider the set Also note that if K is a submodule of M, we have that
and a semiprime module. If M satisfies ACC on annihilators, then:
i) M has finitely many minimal of minimal prime in M submodules.
ii) If P 1 , P 2 , ..., P n are the minimal prime in M submodules, then
iii) If P ⊆ M is prime in M, then P is minimal prime in M if and only if P is an annihilator submodule.
Proof. i) By a "prime annihilator " we mean a prime in M submodule which is an annihilator submodule. We shall first show that every annihilator submodule of M contains a finite product of annihilators primes in M. 
Since M is projective in σ [M], then by [ 1, Proposition 5.6] we have that
Since N is annihilator submodule, then by Lemma 1.7 and Proposition 1.18 we have that
is an annihilator submodule. Similarly we can prove that
Hence L is an annihilator submodule. Therefore K and L are annihilator submodules such that N K, N L, and L M K ⊆ N.
So L and K contain a finite product of prime annihilators. Hence N contains a finite product of prime annihilator, this is a contradiction. Therefore every annihilator submodule of M contains a finite product of prime annihilators.
Since 0 = Ann M (M), then the zero is an annihilator submodule. Thus there are prime annihilators
Thus there exists P j ⊆ Q for some 0 ≤ j ≤ n. Whence P j = Q. Therefore the minimal primes in M are contained in the finite set {P 1 , P 2 , ... , P n }. Moreover each P i is an annihilator submodule for 0 ≤ i ≤ n.
ii) By i) we can suppose that P 1 , P 2 , ..., P n are the minimal prime in M submodules. Now by [3 Proposition 1.3] we have that [
Since M is semiprime module, then by Lemma 1.6
we have that
then by ii) we have that P = P j for some 1 ≤ j ≤ n. By proof of i) we know that each P t is an annihilator submodule for 1 ≤ t ≤ n. Hence P so does. Now we obtain the converse by By Lemma 1.13. .
Notice that in Theorem 2.2 i) we only use the condition M satisfies ACC on annihilator submodules. Also note that in iii) each minimal prime P i in M is an annihilator submodule. Thus
and
Note that in Theorem 2.2 M satisfies ACC on annihilators is a necessary condition. In order to see this, consider de following example Also we denote by P
Remark 2.6. Let τ g be the hereditary torsion theory generated by the family 
. As E is a uniform module and E ∈ F χ(M ) , then E is χ (M)-cocritical. Now by Remark 2.5, we have that Ass M (E) = {P } with P ∈ Spec M in (M). Hence we define the function
as Ψ (E) = P . We claim that Ψ is bijective. Suppose that Ψ (E 1 ) = Ψ (E 2 ) = P .
Since E 1 and E 2 are uniform modules, then E 1 and E 2 are χ (M)-cocritical.
Since τ g = χ (M), then by Lemma 2.4 there are C
Hence M 1 and M 2 are uniform modules, then by Remark 1.12 we have that.
On the other hand we have that (M 1 + P ) /P and (M 2 + P ) /P are submodules of M/P . By [3, Proposition 2.2 and 2.7 ] χ ((
So Hom R M 1 , M 2 = 0. Since M 1 and M 2 are τ g -cocritical, then there exists we have that Ass M (U) = {P }. Hence Ass M U = {P } Thus Ψ U = P . As
. Hence Ψ is surjective.
Notice that if P is prime in M such that P is χ (M)-pure, then P is minimal prime in M. In fact by Proposition 1.10 there exists P ′ ⊆ P such that P ′ is χ (M)-pure and minimal prime in M. Now let N be a submodule of M such that
Suppose that P P ′ , then N ⊆ P ′ . Thus N ⊆ P . Hence 0 = P ∩ N = N.
On the other hand , if Spec χ(M ) (M) denotes the set of χ (M)-pure submodules
So if M is as in the Theorem 2.7, then M has local Gabriel correspondence with respect to χ (M).
, the trivial extension of Z 2 by Z 2 ⊕ Z 2 . This ring can be described as
and it has three simple ideals:
Then the lattice of ideals of R has the following form
R is artinian and R-Mod has only one simple module up to isomorphism.
Let S be the simple module. By [12, Theorem 2.13], we know that there is a lattice anti-isomorphism between the lattice of ideals of R and the lattice of fully invariant submodules of E (S). Thus the lattice of fully invariant submodules of E (S) has tree maximal elements K, L and N. Moreover, E (S) contains only one simple module S. Therefore, the lattice of fully invariant submodules of E (S) has the following form.
On the other hand, we consider the morphism. f :
֒→ L, where π is the canonical projection and i is the inclusion. Thus f (K) = S. Therefore
Therefore N is not prime in M. Analogously, we prove that neither K nor L are prime in M. Also we note that K M K = S and S M K = 0. Thus
We claim that K M S = S. In fact, if π is the natural projection from M onto
Analogously we prove that L M S = S and N M S = S. Moreover, it is not difficult to prove that
As S is the only simple module, From the previous arguments we can conclude that:
Remark 2.9. If M is projective in σ[M] and we define the function Φ :
as Φ (P ) = χ (M/P ), then Φ is bijective. In fact. Let P and P ′ are minimal primes in M submodules, such that χ (M/P ) = χ (M/P ′ ), then P ′ is not χ (M/P )-dense in M. As P ′ is fully invariant submodule of M, then by [3, Lemma 2.6] we obtain P ′ ⊆ P . But P is minimal prime in M, then
Moreover it is clear that Φ is surjective. Proof. It follows from Theorem 2.7 and Remark 2.9. 
Proof. By Theorem 2.2, P is annihilator submodule, then by Proposition
Note that if M is as in Lemma 2.16 and Ann
Proposition 2.17. Let M ∈ R-Mod be projective in σ [M] and a semiprime module. Suppose that M satisfies ACC on annihilators. If P 1 , P 2 , ..., P n are the minimal primes in M, then {N 1 , N 2 , ...N n } is an independent family, where
Proof. By induction. If n = 1, then we have the result. Suppose that
then there are x ∈ N n and 1
is a independent family. N contains a uniform submodule. If P 1 , P 2 , ..., P n are the minimal primes in M,
Proof. By Proposition 2.17 we have that {N 1 , N 2 , ...N n } is an independent family. We claim that
By hypothesis there exists U a uniform module shut that U ⊆ L. By Proposition 1.11 and Theorem 2.2 we have that
Corollary 2.19. Let M ∈ R-Mod be projective in σ [M] and a semiprime module. Suppose that M is Goldie Module and P 1 , P 2 , ..., P n are the minimal
Proof. As M is Goldie module, then M has finite uniform dimension and M satisfies ACC on annihilators. So by the Theorem 2.18 we have the result. 
Proof. Since N i has finite uniform dimension, then there are U i 1 , U i 2 , ... ,
Hence by Theorem 2.7, we have that
Notice that by Theorem 2.2 E i ≇ E j for i = j. Proof. We claim that if i = j, then Hom R N i , N j = 0. In fact by Theorem 2.20 we have that
then there exist i r and j t such that the restriction morphism.
Thus N i is a fully invariant submodule of M. ii) ⇒ i) By Proposition 2.22 we have that M has finite uniform dimension.
Thus M is left Goldie module. Proof. As each P i is a fully invariant submodule of M, then (
Notice that by Proposition 1.16 we have that ii) P i has finite uniform dimension for each 1 ≤ i ≤ n.
ii) ⇒ i) By Corollary 2.26 we have that R has finite uniform dimension. So R is left Goldie ring. 
Now consider the set
By hypothesis Γ has maximal elements. Let f : M → Z (M) such that ker f is a maximal element in Γ.
On the other hand by [1, Proposition 5.6] we have that . Since M satisfies ACC on annihilators, then there exists k ≥ 1 such that
Continuous Modules with ACC on annihilators
The following definitions were given in [14] . We include here these definitions for convenience of the reader. Notice that in the Corollary 3.7 the inverse is not true in general. Consider the following example Example 3.8. Let R = Z be the ring of integers. We know Z is a prime Goldie ring, but Z is not a continuous ring.
